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Abstract
Boussinesq systems of nonlinear partial differential equations are fundamental equations in
geophysical fluid dynamics. In this paper, we use asymmetric ideas and moving frames to solve
the two-dimensional Boussinesq equations with partial viscosity terms studied by Chae (Adv.
Math. 203 (2006), 497-513) and the three-dimensional stratified rotating Boussinesq equations
studied by Hsia, Ma and Wang (J. Math. Phys. 48 (2007), no. 6, 06560). We obtain new
families of explicit exact solutions with multiple parameter functions. Many of them are the
periodic, quasi-periodic, aperiodic solutions that may have practical significance. By Fourier
expansion and some of our solutions, one can obtain discontinuous solutions. In addition, Lie
point symmetries are used to simplify our arguments.
1 Introduction
Both the atmospheric and oceanic flows are influenced by the rotation of the earth. In
fact, the fast rotation and small aspect ratio are two main characteristics of the large
scale atmospheric and oceanic flows. The small aspect ratio characteristic leads to the
primitive equations, and the fast rotation leads to the quasi-geostropic equations (cf. [2],
[6], [7], [9]). A main objective in climate dynamics and in geophysical fluid dynamics
is to understand and predict the periodic, quasi-periodic, aperiodic, and fully turbulent
characteristics of the large scale atmospheric and oceanic flows (e.g., cf. [4], [5]).
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The Boussinesq system for the incompressible fluid follows in R2 is
ut + uux + vuy − ν∆u = −px, vt + uvx + vvy − ν∆v − θ = −py, (1.1)
θt + uθx + vθy − κ∆θ = 0, ux + vy = 0, (1.2)
where (u, v) is the velocity vector field, p is the scalar pressure, θ is the scalar temperature,
ν ≥ 0 is the viscosity and κ ≥ 0 is the thermal diffusivity. The above system is a simple
model in atmospheric sciences (e.g., cf. [8]). Chae [1] proved the global regularity, and
Hou and Li [3] obtained the well-posedness of the above system.
Aonther slightly simplified version of the system of primitive equations is the three-
dimensional stratified rotating Boussinesq system (e.g., cf. [7], [9]):
ut + uux + vuy + wuz − 1
R0
v = σ(∆u− px), (1.3)
vt + uvx + vvy + wvz +
1
R0
u = σ(∆v − py), (1.4)
wt + uwx + vwy + wwz − σRT = σ(∆w − pz), (1.5)
Tt + uTx + vTy + wTz = ∆T + w, (1.6)
ux + vy + wz = 0, (1.7)
where (u, v, w) is the velocity vector filed, T is the temperature function, p is the pressure
function, σ is the Prandtle number, R is the thermal Rayleigh number andR0 is the Rossby
number. Moreover, the vector (1/R0)(−v, u, 0) represents the Coriolis force and the term
w in (1.6) is derived using stratification. So the above equations are the extensions
of Navier-Stokes equations by adding the Coriolis force and the stratified temperature
equation. Due to the Coriolis force, the two-dimensional system (1.1) and (1.2) is not a
special case of the above three-dimensional system. Hsia, Ma and Wang [4] studied the
bifurcation and periodic solutions of the above system (1.3)-(1.7).
In [10], we used the stable range of nonlinear term to solve the equation of nonsta-
tionary transonic gas flow. Moreover, we [11] solved the three-dimensional Navior-Stokes
equations by asymmetric techniques and moving frames. Based on the algebraic charac-
teristics of the above equations, we use in this paper asymmetric ideas and moving frames
to solve the above two Boussinesq systems of partial differential equations. New families
of explicit exact solutions with multiple parameter functions are obtained. Many of them
are the periodic, quasi-periodic, aperiodic solutions that may have practical significance.
Using Fourier expansion and some of our solutions, one can obtain discontinuous solutions.
The symmetry transformations for these equations are used to simplify our arguments.
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For convenience, we always assume that all the involved partial derivatives of related
functions always exist and we can change orders of taking partial derivatives. The pa-
rameter functions are so chosen that the involved expressions make sense. We also use
prime ′ to denote the derivative of any one-variable function.
Observe that the two-dimensional Boussinesq system (1.1) and (1.2) is invariant under
the action of the following symmetry transformation:
T (u) = a−1ǫ1u(a2(t+ b), aǫ1(x+ α), aǫ2(y + β))− α′, (1.8)
T (v) = a−1ǫ2v(a2(t+ b), a(x+ α), a(y + β))− β ′, (1.9)
T (p) = a−2p(a2(t+ b), aǫ1(x+ α), aǫ2(y + β)) + α′′x+ β ′′y + γ, (1.10)
T (θ) = a−3ǫ2θ(a2(t+ b), aǫ1(x+ α), aǫ2(y + β)), (1.11)
where a, b ∈ R with a 6= 0, ǫ1, ǫ2 ∈ {1,−1} and α, β, γ are arbitrary functions of t. The
above transformation transforms a solution of the equation (1.1) and (1.2) into another
solution with additional three parameter functions.
Denote ~x = (x, y). The three-dimensional stratified rotating Boussinesq system is
invariant under the following transformations:
T1[(u, v, w)] = ((u(t+ b, ~xA, ǫz), v(t + b, ~xA), ǫz)A, ǫw), (1.12)
T1(p) = p(t + b, ~xA, ǫz), T1(T ) = T (t+ b, ~xA, ǫz); (1.13)
T2(u) = u(t, x+ α, y + β, z + γ)− α′, T2(v) = v(t, x+ α, y + β, z + γ)− β ′, (1.14)
T2(w) = w(t, x+ α, y + β, z + γ)− γ′, T2(T ) = T (t, x+ α, y + β, z + γ)− γ, (1.15)
T2(p) = p(t, x+ α, y + β, z + γ) + σ−1(α′′x+ β ′′y + γ′′z)− Rγz + µ; (1.16)
where ǫ = ±1, b ∈ R, A ∈ O(2,R), and α, β, γ, µ are arbitrary functions of t. The above
transformations transform a solution of the equation (1.3)-(1.7) into another solution. In
particular, applying the transformation T2 to any solution in this paper yields another
solution with extra four parameter functions.
To simplify problems, we always solve the Boussinesq systems modulo the above cor-
responding symmetry transformations, which is an idea that geometers and topologists
often use.
The paper is organized as follows. In Section 2, we solve the two-dimensional Boussi-
nesq equations (1.1)-(1.2) and obtain four families of explicit exact solutions. In Section
3, we present an approach with u, v, w, T linear in x, y to the equations (1.3)-(1.7), and
obtain two families of explicit exact solutions. Assuming uz = vz = wzz = Tzz = 0 in
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Section 4, we find another two families of explicit exact solutions of the equations (1.3)-
(1.7). In Section 5, we obtain a family of explicit exact solutions of (1.3)-(1.7) that are
independent of x. The status can be changed by applying the transformation in (1.12)
and (1.13) to them.
2 Solutions of the 2D Boussinesq Equations
In this section, we solve the two-dimensional Boussinesq equations (1.1)-(1.2) by an asym-
metric method and by an moving frame.
According to the second equation in (1.2), we take the potential form:
u = ξy, v = −ξx (2.1)
for some functions ξ in t, x, y. Then the two-dimensional Boussinesq equations become
ξyt + ξyξxy − ξxξyy − ν∆ξy = −px, ξxt + ξyξxx − ξxξxy − ν∆ξx + θ = py, (2.2)
θt + ξyθx − ξxθy − κ∆θ = 0. (2.3)
By our assumption pxy = pyx, the compatible condition of the equations in (2.2) is
(∆ξ)t + ξy(∆ξ)x − ξx(∆ξ)y − ν∆2ξ + θx = 0. (2.4)
Now we first solve the system (2.3) and (2.4).
Our asymmetric approach is to assume
θ = ε(t, y), ξ = φ(t, y) + xψ(t, y) (2.5)
for some functions ε, φ and ψ in t, y. Then (2.3) becomes
εt − ψεy − κεyy = 0. (2.6)
Moreover, (2.4) becomes
φyyt + xψyyt + (φy + xψy)ψyy − ψ(φyyy + xψyyy)− ν(φyyyy + xψyyyy) = 0, (2.7)
equivalently,
φyyt + φyψyy − ψφyyy − νφyyyy = 0, (2.8)
ψyyt + ψyψyy − ψψyyy − νψyyyy = 0. (2.9)
The above two equations are equivalent to:
φyt + φyψy − ψφyy − νφyyy = α1, (2.10)
4
ψyt + ψ
2
y − ψψyy − νψyyy = α2 (2.11)
for some functions α1 and α2 of t to be determined.
Let c be a fixed real constant and let γ be a fixed function of t. We define
ζ1(s) =
eγs − ce−γs
2
, η1 =
eγs + ce−γs
2
, (2.12)
ζ0(s) = sin γs, η0(s) = cos γs. (2.13)
Then
η2r(s) + (−1)rζ2r (s) = cr (2.14)
and
∂s(ζr(s)) = γηr(s), ∂s(ηr(s)) = −(−1)rγζr(s), (2.15)
where we treat 00 = 1 when c = r = 0. First we assume
ψ = β1y + β2ζr(y) (2.16)
for some functions β1 and β2 of t, where r = 0, 1. Then (2.11) becomes
β ′1 + c
rβ22γ
2 + β21 + [(β2γ)
′ + (−1)rνβ2γ3 + 2β1β2γ]ηr(y)
+(−1)rβ2γ(β1γ − γ′)yζr(y) = α2, (2.17)
which is implied by the following equations:
β ′1 + c
rβ22γ
2 + β21 = α2, β1γ − γ′ = 0, (2.18)
(β2γ)
′ + (−1)rνβ2γ3 + 2β1β2γ = 0. (2.19)
For convenience, we assume γ =
√
α′ for some function α of t. Thus we have
β1 =
γ′
γ
=
α′′
2α′
, β2 =
b1e
−(−1)rνα√
(α′)3
, b1 ∈ R. (2.20)
To solve (2.10), we assume
φ = β3ηr(y) (2.21)
for some function β3, modulo the transformation in (1.8)-(1.11). Now (2.10) becomes
[(−1)r((β3γ)′ + β1β3γ) + νβ3γ3]ζr(y) = −α1, (2.22)
which is implied by
(−1)r((β3γ)′ + β1β3γ) + νβ3γ3 = 0. (2.23)
Thus
β3 =
b2e
−(−1)rνα
α′
, (2.24)
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where b2 is a real constant.
In order to solve (2.6), we assume
ε = beγ1ηr(y), (2.25)
where b is a real constant and γ1 is a function of t. Then (2.6) is implied by
γ′1ηr(y) + (−1)rβ2γγ1ζ2r (y) + κγ2γ1((−1)rηr(y)− γ1ζ2r (y)) = 0, (2.26)
which is implied by
γ′1 + (−1)rκγ2γ1 = 0, (−1)rβ2 − κγγ1 = 0. (2.27)
Then the first equation implies
γ1 = b3e
−(−1)rκα (2.28)
for some constant b3. By the second equations in (2.20) and (2.27), we have:
(−1)r b1e
−(−1)rνα√
(α′)3
= b3κ
√
α′e−(−1)
rκα. (2.29)
For convenience, we take
b1 = (−1)rb20κb3, b0 ∈ R. (2.30)
Then (2.29) is implied by
α′e(−1)
r(ν−κ)α/2 = b0. (2.31)
If ν = κ, then we have α = b0t + c0. Modulo the transformation in (1.8)-(1.11), we take
b0 = 1 and c0 = 0, that is, α = t. When ν 6= κ, we similarly take b0 = 1 and
α =
2(−1)r
ν − κ ln[(−1)
r(ν − κ)t/2 + c0], c0 ∈ R. (2.32)
Suppose ν = κ. Then γ = 1 and
φ = b2e
−(−1)rνtηr(y), ψ = (−1)rb3νe−(−1)rνtζr(y). (2.33)
Moreover,
θ = b exp(b3e
−(−1)rνtηr(y)), (2.34)
ξ = b2e
−(−1)rνtηr(y) + (−1)rb3νe−(−1)rνtxζr(y) (2.35)
by (2.5). According to (2.1),
u = ξy = (−1)r[−b2e−(−1)rνtζr(y) + b3νe−(−1)rνtxηr(y)], (2.36)
v = −ξx = −(−1)rb3νe−(−1)rνtζr(y). (2.37)
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Note
ut + uux + vuy − ν∆u = b23ν2cre−(−1)
r2νtx, (2.38)
vt + uvx + vvy − ν∆v − θ = vvy − b exp(b3e−(−1)rνtηr(y)). (2.39)
By (1.1), we have
p = b
∫
exp(b3e
−(−1)rνtηr(y))dy − 1
2
b23ν
2e−(−1)
r2νt(crx2 + ζ2r (y)) (2.40)
modulo the transformation in (1.8)-(1.11).
Consider the case ν 6= κ. Then
γ =
√
α′ =
1√
(−1)r(ν − κ)t/2 + c0
(2.41)
by (2.32). Moreover,
φ = b2[(−1)r(ν − κ)t/2 + c0]2ν/(κ−ν)+1ηr(y) (2.42)
by (2.21) and (2.24). Furthermore,
ψ =
(−1)r(κ− ν)y
4[(−1)r(ν − κ)t/2 + c0] + (−1)
rb3κ[(−1)r(ν − κ)t/2 + c0]2ν/(κ−ν)+3/2ζr(y) (2.43)
by (2.16), (2.20) and (2.30). According to (2.25), (2.28) and (2.32),
θ = beb3[(−1)
r(ν−κ)t/2+c0]2κ/(κ−ν)ηr(y). (2.44)
Similarly, we have
ut + uux + vuy − ν∆u = b23crκ2[(−1)r(ν − κ)t/2 + c0]4ν/(κ−ν)+2x
+
3(ν − κ)2x
16[(−1)r(ν − κ)t/2 + c0]2 , (2.45)
vt + uvx + vvy − ν∆− θ = −ψt + ψψy + νψyy − θ
= −beb3[(−1)r(ν−κ)t/2+c0]2κ/(κ−ν)ηr(y) + 3
4
b3κ(κ− ν)[(−1)r(ν − κ)t/2 + c0]2ν/(κ−ν)+1/2ζr(y)
+
3(ν − κ)2y
16[(−1)r(ν − κ)t/2 + c0]2 +
b23
2
κ2[(−1)r(ν − κ)t/2 + c0]4ν/(κ−ν)+3∂yζ2r (y). (2.46)
According (1.1), we have
p = b
∫
eb3[(−1)
r(ν−κ)t/2+c0]2κ/(κ−ν)ηr(y)dy − b
2
3
2
crκ2[(−1)r(ν − κ)t/2 + c0]4ν/(κ−ν)+2x2
− 3(ν − κ)
2(x2 + y2)
32[(−1)r(ν − κ)t/2 + c0]2 −
b23
2
κ2[(−1)r(ν − κ)t/2 + c0]4ν/(κ−ν)+3ζ2r (y)
+
3
4
(−1)rb3κ(κ− ν)[(−1)r(ν − κ)t/2 + c0]2ν/(κ−ν)+1ηr(y) (2.47)
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modulo the transformation in (1.8)-(1.11).
Theorem 2.1. Let b, b2, b3, c, c0 ∈ R and let r = 0, 1. If ν = κ, we have the solution
(2.34), (2.36), (2.37) and (2.40) of the two-dimensional Boussinesq equations (1.1)-(1.2),
where ζr(y) and ηr(y) are defined in (2.12)-(2.13) with γ = 1. When ν 6= κ, we have the
following solutions of the two-dimensional Boussinesq equations (1.1)-(1.2):
u =
(−1)r(κ− ν)x
4[(−1)r(ν − κ)t/2 + c0] + (−1)
rb3κ[(−1)r(ν − κ)t/2 + c0]2ν/(κ−ν)+1xηr(y)
−(−1)rb2[(−1)r(ν − κ)t/2 + c0]2ν/(κ−ν)+1/2ζr(y), (2.48)
v =
(−1)r(ν − κ)y
4[(−1)r(ν − κ)t/2 + c0] − (−1)
rb3κ[(−1)r(ν − κ)t/2 + c0]2ν/(κ−ν)+3/2ζr(y), (2.49)
θ is given in (2.44) and p is given in (2.47), where ζr(y) and ηr(y) are defined in (2.12)-
(2.13) with γ = [(−1)r(ν − κ)t/2 + c0]−1/2.
Observe that
ψ = 6νy−1 (2.50)
is another solution of (2.11). In order to solve (2.10), we assume
φ =
∞∑
i=1
γiy
i (2.51)
modulo the transformation in (1.8)-(1.11), where γi are functions of t to be determined.
Now (2.10) becomes
−6νγ1y−2 − 18νγ2y−1 +
∞∑
i=1
[iγ′i − ν(i+ 2)(i+ 3)(i+ 4)γi+2]yi−1 = α1, (2.52)
equivalently,
γ1 = γ2 = 0, α1 = −60νγ3, (2.53)
iγ′i − ν(i+ 2)(i+ 3)(i+ 4)γi+2 = 0, i > 1. (2.54)
Thus
γ2i+2 =
2iγ′2i
ν(2i+ 2)(2i+ 3)(2i+ 4)
= 0, i ≥ 1, (2.55)
γ2i+3 =
(2i+ 1)γ′2i+1
ν(2i+ 3)(2i+ 4)(2i+ 5)
=
360γ
(i)
3
νi(2i+ 2)(2i+ 5)!
, i ≥ 1. (2.56)
Hence
φ = 360
∞∑
i=0
α(i)y2i+3
νi(2i+ 3)(2i+ 5)!
, (2.57)
where α is an arbitrary function of t such that the series converges, say, a polynomial in
t.
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To solve (2.6), we also assume
ε =
∞∑
i=0
βiy
i, (2.58)
where βi are functions of t. Then (2.6) becomes
6νβ1y
−1 +
∞∑
i=0
[β ′i + (i+ 2)(6ν − (i+ 1)κ)βi+2]yi = 0, (2.58)
that is, β1 = 0 and
β ′i − (i+ 2)(6ν + (i+ 1)κ)βi+2 = 0, i ≥ 0. (2.59)
Hence
θ = β +
∞∑
i=1
β(i)y2i
2ii!
∏i
r=1(6ν + (2r − 1)κ)
, (2.60)
where β is an arbitrary function of t such that the series converges, say, a polynomial in
t. In this case,
ut + uux + vuy − ν∆u = −60να, (2.61)
vt + uvx + vvy − ν∆− θ = −36ν2y−3 − β −
∞∑
i=1
β(i)y2i
2ii!
∏i
r=1(6ν + (2r − 1)κ)
. (2.62)
According (1.1), we have
p = 60ναx− 18ν2y−2 + βy +
∞∑
i=1
β(i)y2i+1
2ii!(2i+ 1)
∏i
r=1(6ν + (2r − 1)κ)
(2.63)
modulo the transformation in (1.8)-(1.11).
Theorem 2.2. We have the following solutions of the two-dimensional Boussinesq
equations (1.1)-(1.2):
u = 360
∞∑
i=0
α(i)y2i+2
νi(2i+ 5)!
− 6νxy−2, v = −6νy−1, (2.64)
θ is given in (2.60) and p is given in (2.63), where α and β are arbitrary functions of t
such that the related series converge, say, polynomials in t.
Let γ be a function of t. Denote the moving frame
˜̟ = x cos γ + y sin γ, ˆ̟ = y cos γ − x sin γ. (2.65)
Then
∂t( ˜̟ ) = γ
′ ˆ̟ , ∂t( ˆ̟ ) = −γ′ ˜̟ . (2.66)
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Moreover,
∂ ˜̟ = cos γ ∂x + sin γ ∂y, ∂ ˆ̟ = − sin γ ∂x + cos γ ∂y. (2.67)
In particular,
∆ = ∂2x + ∂
2
y = ∂
2
˜̟ + ∂
2
ˆ̟ . (2.68)
We assume
ξ = φ(t, ˜̟ )− γ
′
2
(x2 + y2), θ = ψ(t, ˜̟ ), (2.69)
where φ and ψ are functions in t, ˜̟ . Then (2.3) becomes
ψt − κψ ˜̟ ˜̟ = 0 (2.70)
and (2.4) becomes
−2γ′′ + φt ˜̟ ˜̟ − νφ ˜̟ ˜̟ ˜̟ ˜̟ + ψ ˜̟ cos γ = 0. (2.71)
Modulo the transformation in (1.8)-(1.11), the above equation is equivalent to
−2γ′′ ˜̟ + φt ˜̟ − νφ ˜̟ ˜̟ ˜̟ + ψ cos γ = 0. (2.72)
Assume ν = κ. We take the following solution of (2.70):
ψ =
m∑
i=1
aidie
a2i κt cos 2bi+ai ˜̟ cos bi sin(a2iκt sin 2bi + ai ˜̟ sin bi + bi + ci) (2.73)
where ai, bi, ci, di are real numbers. Moreover, (2.72) is equivalent to solving the following
equation:
2νγ′ − γ′′ ˜̟ 2 + φt − νφ ˜̟ ˜̟ + [
m∑
i=1
die
a2i κt cos 2bi+ai ˜̟ cos bi
× sin(a2iκt sin 2bi + ai ˜̟ sin bi + ci)] cos γ = 0 (2.74)
by (2.1). Thus we have the following solution of (2.74):
φ = −[
m∑
i=1
die
a2i κt cos 2bi+ai ˜̟ cos bi sin(a2iκt sin 2bi + ai ˜̟ sin bi + ci)]
∫
cos γ dt
+γ′ ˜̟ 2 +
n∑
s=1
dˆse
aˆ2sκt cos 2bˆs+aˆs ˜̟ cos bˆs sin(aˆ2sκt sin 2bˆs + aˆs ˜̟ sin bˆs + cˆs), (2.75)
where aˆs, bˆs, cˆs, dˆs are real numbers.
Suppose ν 6= κ. To make (2.72) solvable, we choose the following solution of (2.70):
ψ =
m∑
i=1
aidie
a2i κt+ai ˜̟ . (2.76)
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Now (2.72) is equivalent to solving the following equation:
νγ′ − γ′′ ˜̟ 2 + φt − νφ ˜̟ ˜̟ +
m∑
i=1
die
a2i κt+ai ˜̟ cos γ = 0 (2.77)
by (2.1). We obtain the following solution of (2.77):
φ = γ′ ˜̟ 2 +
n∑
s=1
dˆse
aˆ2sκt cos 2bˆs+aˆs ˜̟ cos bˆs sin(aˆ2sκt sin 2bˆs + aˆs ˜̟ sin bˆs + cˆs)
−
m∑
i=1
die
a2i νt+ai ˜̟
∫
ea
2
i (κ−ν)t cos γ dt. (2.78)
Note
u = φ̟ sin γ − γ′y, v = γ′x− φ̟ cos γ. (2.79)
By (2.72),
ut + uux + vuy − ν∆u
= (φ̟t − νφ̟̟̟) sin γ + 2γ′φ̟ cos γ − γ′2x− γ′′y
= (2γ′
′
˜̟ − ψ cos γ) sin γ + 2γ′φ̟ cos γ − γ′2x− γ′′y,
= γ′
′
(x sin 2γ − y cos 2γ) + (2γ′φ̟ − ψ sin γ) cos γ − γ′2x, (2.80)
vt + uvx + vvy − ν∆v − θ
= (νφ̟̟̟ − φ̟t) cos γ + 2γ′φ̟ sin γ − γ′2y + γ′′x− ψ
= (ψ cos γ − 2γ′′ ˜̟ ) cos γ + 2γ′φ̟ sin γ − γ′2y + γ′′x− ψ
= −γ′′(x cos 2γ + y sin 2γ) + (2γ′φ̟ − ψ sin γ) sin γ − γ′2y. (2.81)
According to (1.1),
p =
γ′2 − γ′′ sin 2γ
2
x2 +
γ′2 + γ′′ sin 2γ
2
y2 + γ′
′
xy cos 2γ +
∫
ψd ˜̟ sin γ − 2γ′φ (2.82)
modulo the transformation in (1.8)-(1.11).
Theorem 2.3. Let γ be any function of t and denote ˜̟ = x cos γ + y sin γ. Take
{ai, bi, ci, di, aˆs, bˆs, cˆs, dˆs | i = 1, ..., m; s = 1, ..., n} ⊂ R. (2.83)
If ν = κ, we have the following solutions of the two-dimensional Boussinesq equations
(1.1)-(1.2):
u = −γ′y + sin γ{2γ′ ˜̟ +
n∑
s=1
aˆsdˆse
aˆ2sκt cos 2bˆs+aˆs ˜̟ cos bˆs sin(aˆ2sκt sin 2bˆs + aˆs ˜̟ sin bˆs + bˆs + cˆs)
−[
m∑
i=1
aidie
a2i κt cos 2bi+ai ˜̟ cos bi sin(a2iκt sin 2bi + bi + ai ˜̟ sin bi + ci)]
∫
cos γ dt}, (2.84)
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v = γ′x− cos γ{2γ′ ˜̟ +
n∑
s=1
aˆsdˆse
aˆ2sκt cos 2bˆs+aˆs ˜̟ cos bˆs sin(aˆ2sκt sin 2bˆs + aˆs ˜̟ sin bˆs + bˆs + cˆs)
−[
m∑
i=1
aidie
a2i κt cos 2bi+ai ˜̟ cos bi sin(a2iκt sin 2bi + ai ˜̟ sin bi + bi + ci)]
∫
cos γ dt}, (2.85)
θ = ψ in (2.73), and
p = (sin γ + 2γ′
∫
cos γ)[
m∑
i=1
die
a2i κt cos 2bi+ai ˜̟ cos bi sin(a2iκt sin 2bi + ai ˜̟ sin bi + ci)]
+
γ′2 − γ′′ sin 2γ
2
x2 +
γ′2 + γ′′ sin 2γ
2
y2 + γ′
′
xy cos 2γ − 2γ′2 ˜̟ 2
−2γ′
n∑
s=1
dˆse
aˆ2sκt cos 2bˆs+aˆs ˜̟ cos bˆs sin(aˆ2sκt sin 2bˆs + aˆs ˜̟ sin bˆs + cˆs). (2.86)
When ν 6= κ, we have the following solutions of the two-dimensional Boussinesq equa-
tions (1.1)-(1.2):
u = {
n∑
s=1
aˆsdˆse
aˆ2sκt cos 2bˆs+aˆs ˜̟ cos bˆs sin(aˆ2sκt sin 2bˆs + aˆs ˜̟ sin bˆs + bˆs + cˆs)
+2γ′ ˜̟ −
m∑
i=1
aidie
a2i νt+ai ˜̟
∫
ea
2
i (κ−ν)t cos γ dt} sin γ − γ′y, (2.87)
v = −{
n∑
s=1
aˆsdˆse
aˆ2sκt cos 2bˆs+aˆs ˜̟ cos bˆs sin(aˆ2sκt sin 2bˆs + aˆs ˜̟ sin bˆs + bˆs + cˆs)
+2γ′ ˜̟ −
m∑
i=1
aidie
a2i νt+ai ˜̟
∫
ea
2
i (κ−ν)t cos γ dt} cos γ + γ′x, (2.88)
θ = ψ in (2.76), and
p =
γ′2 − γ′′ sin 2γ
2
x2 +
γ′2 + γ′′ sin 2γ
2
y2 + γ′
′
xy cos 2γ − 2γ′2 ˜̟ 2
−2γ′
n∑
s=1
dˆse
aˆ2sκt cos 2bˆs+aˆs ˜̟ cos bˆs sin(aˆ2sκt sin 2bˆs + aˆs ˜̟ sin bˆs + cˆs)
+
m∑
i=1
die
a2i νt+ai ˜̟ (2γ′ + sin γ)
∫
ea
2
i (κ−ν)t cos γ dt). (2.89)
Remark 2.4. By Fourier expansion, we can use the above solution to obtain the one
depending on two piecewise continuous functions of ˜̟ .
3 Asymmetric Approach I to the 3D Equations
Starting from this section, we use asymmetric approaches developed in [11] to solve the
stratified rotating Boussinesq equations (1.3)-(1.7).
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For convenience of computation, we denote
Φ1 = ut + uux + vuy + wuz − 1
R0
v − σ(uxx + uyy + uzz), (3.1)
Φ2 = vt + uvx + vvy + wvz +
1
R0
u− σ(vxx + vyy + vzz), (3.2)
Φ3 = wt + uwx + vwy + wwz − σRT − σ(wxx + wyy + wzz). (3.3)
Then the equations (1.3)-(1.5) become
Φ1 + σpx = 0, Φ2 + σpy = 0, Φ3 + σpz = 0. (3.4)
Our strategy is to solve the following compatibility conditions:
∂y(Φ1) = ∂x(Φ2), ∂z(Φ1) = ∂x(Φ3), ∂z(Φ2) = ∂y(Φ3). (3.5)
First we assume
u = φz(t, z)x+ ς(t, z)y + µ(t, z), v = τ(t, z)x+ ψz(t, z)y + ε(t, z), (3.6)
w = −φ(t, z)− ψ(t, z), T = ϑ(t, z) + z, (3.7)
where φ, ϑ, ς, µ, τ, and ε are functions of t, z to be determined. Then
Φ1 = φtzx+ ςty + µt + φz(φzx+ ςy + µ) + (ς − 1/R0)(τx+ ψzy + ε)
−(φ + ψ)(φzzx+ ςzy + µz)− σ(φzzzx+ ςzzy + µzz)
= [φtz + φ
2
z + τ(ς − 1/R0)− φzz(φ+ ψ)− σφzzz]x
+[ςt + ςφz + ψz(ς − 1/R0)− ςz(φ+ ψ)− σςzz]y
+µt + µφz + (ς − 1/R0)ε− µz(φ+ ψ)− σµzz, (3.8)
Φ2 = τtx+ ψtzy + εt + ψz(τx+ ψzy + ε) + (τ + 1/R0)(φzx+ ςy + µ)
−(φ+ ψ)(τzx+ ψzzy + εz)− σ(τzzx+ ψzzzy + εzz)
= [ψtz + ψ
2
z + ς(τ + 1/R0)− (φ+ ψ)ψzz − σψzzz]y
+[τt + τψz + (τ + 1/R0)φz − (φ+ ψ)τz − στzz]x
+εt + εψz + (τ + 1/R0)µ− (φ+ ψ)εz − σεzz, (3.9)
Φ3 = −φt − ψt + (φ+ ψ)(φz + ψz)− σR(ϑ+ z) + σ(φzz + ψzz). (3.10)
Thus (3.5) is equivalent to the following system of partial differential equations:
φtz + φ
2
z + τ(ς − 1/R0)− φzz(φ+ ψ)− σφzzz = α1, (3.11)
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ςt + ςφz + ψz(ς − 1/R0)− ςz(φ+ ψ)− σςzz = α, (3.12)
µt + µφz + (ς − 1/R0)ε− µz(φ+ ψ)− σµzz = α2, (3.13)
ψtz + ψ
2
z + ς(τ + 1/R0)− (φ+ ψ)ψzz − σψzzz = β1, (3.14)
τt + τψz + (τ + 1/R0)φz − (φ+ ψ)τz − στzz = α, (3.15)
εt + εψz + (τ + 1/R0)µ− (φ+ ψ)εz − σεzz = β2 (3.16)
for some α, α1, α2, β1, β2 are functions of t.
Let 0 6= b and c be fixed real constants. Recall the notions in (2.12) and (2.13) with
γ = b. We assume
φ = b−1γ1ζr(z), ψ = b
−1(γ2ζr(z) + γ3ηr(z)), (3.17)
ς = γ4(γ2ηr(z)− (−1)rγ3ζr(z)), τ = γ5γ1ηr(z), γ4γ5 = 1, (3.18)
where γi are functions of t to be determined. Moreover, (3.11) becomes
(γ′1 + (−1)rb2σγ1 − γ1γ5/R0)ηr(z) + (γ1 + γ2)γ1cr = α1, (3.19)
which is implied by
α1 = (γ1 + γ2)γ1c
r, (3.20)
γ′1 + (−1)rb2σγ1 − γ1γ5/R0 = 0. (3.21)
On the other hand, (3.15) becomes
[(γ1γ5)
′ + γ1/R0 + (−1)rb2σγ1γ5]ηr + γ1γ5(γ1 + γ2)cr = α, (3.22)
which gives
α = γ1γ5(γ1 + γ2)c
r, (3.23)
(γ1γ5)
′ + (−1)rb2σγ1γ5 + γ1/R0 = 0. (3.24)
Solving (3.21) and (3.24) for γ1 and γ1γ5, we get
γ1 = b1e
−(−1)rb2σt sin
t
R0
, γ1γ5 = b1e
−(−1)rb2σt cos
t
R0
, (3.25)
where b1 is a real constant. In particular, we take
γ5 = cot
t
R0
. (3.26)
Observe that (3.12) becomes
[(γ2γ4)
′ + (−1)rb2σγ2γ4 − γ2/R0]ηr(z) + γ4(γ1γ2 + γ22 + (−1)rγ23)cr
−(−1)r[(γ3γ4)′ + (−1)rb2σγ2γ4 − γ3/R0]ζr(z) = α (3.27)
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and (3.14) becomes
[γ′2 + (−1)rb2σγ2 + γ2γ4/R0]ηr(z) + (γ1γ2 + γ22 + (−1)rγ23)cr
−(−1)r[γ′3 + (−1)rb2σγ3 + γ3γ4/R0]ζr(z) = β1, (3.28)
equivalently,
α = γ4(γ1γ2 + γ
2
2 + (−1)rγ23)cr, (3.29)
β1 = (γ1γ2 + γ
2
2 + (−1)rγ23)cr, (3.30)
(γ2γ4)
′ + (−1)rb2σγ2γ4 − γ2/R0 = 0, (3.31)
γ′2 + (−1)rb2σγ2 + γ2γ4/R0 = 0, (3.32)
(γ3γ4)
′ + (−1)rb2σγ2γ4 − γ3/R0 = 0, (3.33)
γ′3 + (−1)rb2σγ3 + γ3γ4/R0 = 0. (3.34)
Solving (3.31)-(3.34) under the assumption γ4γ5 = 1, we obtain
γ2γ4 = b2e
−(−1)rb2σt sin
t
R0
, γ2 = b2e
−(−1)rb2σt cos
t
R0
, (3.35)
γ3γ4 = b3e
−(−1)rb2σt sin
t
R0
, γ3 = b3e
−(−1)rb2σt cos
t
R0
. (3.36)
In particular, we have:
γ4 = tan
t
R0
. (3.37)
According to (3.23) and (3.29),
γ1γ5(γ1 + γ2)c
r = γ4(γ1γ2 + γ
2
2 + (−1)rγ23)cr, (3.38)
equivalently
−2b1b2 cos 2t
R0
+ (b22 − b21 + (−1)rb23) sin
2t
R0
= 0. (3.39)
Thus
b1b2 = 0, b
2
2 − b21 + (−1)rb23 = 0. (3.40)
So
r = 0, b2 = 0, b1 = b3 (3.41)
or
r = 1, b1 = 0, b2 = b3. (3.42)
Assume r = 0 and b1 6= 0. Then
φ = b−1b1e
−b2σt sin bz sin
t
R0
, ψ = b−1b1e
−b2σt cos bz cos
t
R0
, (3.43)
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ς = −b1e−b2σt sin bz sin t
R0
, τ = b1e
−b2σt cos bz cos
t
R0
. (3.44)
Moreover, we take µ = ε = ϑ = 0. Then
Φ1 = γ
2
1(x+ γ5y) = b
2
1e
−2b2σt sin
t
R0
(
x sin
t
R0
+ y cos
t
R0
)
(3.45)
by (3.8), (3.11)-(3.12), (3.20) and (3.23). Similarly
Φ2 = b
2
1e
−2b2σt cos
t
R0
(
x sin
t
R0
+ y cos
t
R0
)
. (3.46)
According to (3.10)
Φ3 =
[
b−1R−10 b1e
−b2σt − b−1b21e−2b
2σt cos
(
bz − t
R0
)]
sin
(
bz − t
R0
)
−Rσz. (3.47)
By (3.4), we have
p =
Rz2
2
+
b1e
−b2σt
b2σR0
cos
(
bz − t
R0
)
− b
2
1e
−2b2σt
2σb2
cos2
(
bz − t
R0
)
−b
2
1e
−2b2σt
2σ
(
y2 cos2
t
R0
+ x2 sin2
t
R0
+ xy sin
2t
R0
)
(3.48)
modulo the transformation in (1.14)-(1.16).
Suppose r = 1 and b2 6= 0. Then
φ = τ = µ = ε = ϑ = 0, ψ = b−1b2e
bz+b2σt cos
t
R0
, ς = b2e
bz+b2σt sin
t
R0
. (3.49)
Moreover,
Φ1 = Φ2 = 0, Φ3 = b
−1b2R
−1
0 e
bz+b2σt sin
t
R0
+ b−1b22e
2(bz+b2σt) cos2
t
R0
−Rσz. (3.50)
According to (3.4),
p =
Rz2
2
− b2e
bz+b2σt
b2σR0
sin
t
R0
− b
2
2e
2(bz+b2σt)
2b2σ
cos2
t
R0
(3.51)
modulo the transformation (1.14)-(1.16).
Theorem 3.1. Let b, b1, b2 ∈ R with b 6= 0. We have the following solutions of the
three-dimensional stratified rotating Boussinesq equations (1.3)-(1.7): (1)
u = b1e
−b2σt(x cos bz−y sin bz) sin t
R0
, v = b1e
−b2σt(x cos bz−y sin bz) cos t
R0
, (3.52)
w = −b−1b1e−b2σt cos
(
bz − t
R0
)
, T = z (3.53)
and p is given in (3.48); (2)
u = b2e
bz+b2σty sin
t
R0
, v = b2e
bz+b2σty cos
t
R0
, (3.54)
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w = −b−1b2ebz+b2σt cos t
R0
T = z (3.55)
and p is given in (3.51).
Next we assume φ = ς = ψ = τ = 0. Then
µt − 1
R0
ε− σµzz = α2, εt + 1
R0
ν − σεzz = β2, ϑt − ϑzz = 0. (3.56)
Solving them, we get:
Theorem 3.2. Let ai, bi, ci, di, aˆr, bˆr, cˆr, dˆr, a˜s, b˜s, c˜s, d˜s be real numbers. We have the
following solutions of the three-dimensional stratified rotating Boussinesq equations (1.3)-
(1.7):
u = cos
t
R0
m∑
i=1
die
a2i σt cos 2bi+aiz cos bi sin(a2iσt sin 2bi + aiz sin bi + ci)
+ sin
t
R0
n∑
r=1
dˆre
aˆ2rσt cos 2bˆr+arz cos bˆr sin(aˆ2rσt sin 2bˆr + aˆrz sin bˆr + cˆr), (3.57)
v = − sin t
R0
m∑
i=1
die
a2i σt cos 2bi+aiz cos bi sin(a2iσt sin 2bi + aiz sin bi + ci)
+ cos
t
R0
n∑
r=1
dˆre
aˆ2rσt cos 2bˆr+arz cos bˆr sin(aˆ2rσt sin 2bˆr + aˆrz sin bˆr + cˆr), (3.58)
w = 0, T = z +
k∑
s=1
a˜sd˜se
a˜2st cos 2b˜s+a˜sz cos b˜s sin(a˜2st sin 2b˜s + a˜sz sin b˜s + b˜s + c˜s), (3.59)
p =
Rz2
2
+R
m3∑
s=1
d˜se
a˜2st cos 2b˜s+a˜sz cos b˜s sin(a˜2st sin 2b˜s + a˜sz sin b˜s + c˜s). (3.60)
Remark 3.3. By Fourier expansion, we can use the above solution to obtain the one
depending on three arbitrary piecewise continuous functions of z.
4 Asymmetric Approach II to the 3D Equations
In this section, we solve the stratified rotating Boussinesq equations (1.4)-(1.7) under the
assumption
uz = vz = wzz = Tzz = 0. (4.1)
Let γ be a function of t and we use the moving frame ˜̟ in (2.65). Assume
u = f(t, ˜̟ ) sin γ − γ′y, v = −f(t, ˜̟ ) cos γ + γ′x, (4.2)
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According to (4.3), we assume
w = φ(t, ̟), T = ψ(t, ̟) + z, (4.3)
for some functions f, φ and ψ in t and ˜̟ . Using (2.66)-(2.68), we get
Φ1 = −(γ′2 + γ′/R0)x− γ′′y + ft sin γ + (2γ′ + 1/R0)f cos γ − σf ˜̟ ˜̟ sin γ, (4.4)
Φ2 = −(γ′2 + γ′/R0)y + γ′′x− ft cos γ + (2γ′ + 1/R0)f sin γ + σf ˜̟ ˜̟ cos γ, (4.5)
Φ3 = φt − σφ ˜̟ ˜̟ − σR(ψ + z). (4.6)
By (3.5), we have
−2γ′′ + f ˜̟ t − σf ˜̟ ˜̟ ˜̟ = 0, (4.7)
φt − σφ ˜̟ ˜̟ − σRψ = 0. (4.8)
Moreover, (1.6) becomes
ψt − ψ ˜̟ ˜̟ = 0. (4.9)
Solving (4.7), we have:
f = 2γ′ ˜̟ +
m∑
i=1
aidie
a2i κt cos 2bi+ai ˜̟ cos bi sin(a2iκt sin 2bi + ai ˜̟ sin bi + bi + ci), (4.10)
where ai, bi, ci, di are arbitrary real numbers. Moreover, (4.8) and (4.9) yield
φ =
n∑
r=1
dˆre
aˆ2rt cos 2bˆr+aˆr ˜̟ cos bˆr sin(aˆ2rt sin 2bˆi + aˆr ˜̟ sin bˆr + cˆr) + σRtψ, (4.11)
ψ =
k∑
s=1
d˜se
a˜2st cos 2b˜s+a˜s ˜̟ cos b˜s sin(a˜2st sin 2b˜s + a˜s ˜̟ sin b˜s + c˜s) (4.12)
if σ = 1, and
φ =
n∑
r=1
dˆre
aˆ2rσt cos 2bˆr+aˆr ˜̟ cos bˆr sin(aˆ2rσt sin 2bˆi + aˆr ˜̟ sin bˆr + cˆr)
+
σR
1− σ
k∑
s=1
d˜se
a˜2st cos 2b˜s+a˜s ˜̟ cos b˜s sin(a˜2st sin 2b˜s + a˜s ˜̟ sin b˜s + c˜s), (4.13)
ψ =
k∑
s=1
a˜2sd˜se
a˜2st cos 2b˜s+a˜s ˜̟ cos b˜s sin(a˜2st sin 2b˜s + a˜s ˜̟ sin b˜s + 2b˜s + c˜s) (4.14)
when σ 6= 1, where aˆr, bˆr, cˆr, dˆr, a˜s, b˜s, c˜s, d˜s are arbitrary real numbers.
Now
Φ1 = (γ
′′ sin 2γ − γ′2 − γ′/R0)x− γ′′y cos 2γ + (2γ′ + 1/R0)f cos γ, (4.15)
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Φ2 = −(γ′′ sin 2γ + γ′2 + γ′/R0)y − γ′′x cos 2γ + (2γ′ + 1/R0)f sin γ (4.16)
and Φ3 = −σRz. According (3.4), we have
p = −2γ
′ + 1/R0
σ
[γ′ ˜̟ 2 +
m∑
i=1
die
a2i κt cos 2bi+ai ˜̟ cos bi sin(a2iκt sin 2bi + ai ˜̟ sin bi + ci)]
+
R
2
z2 +
(γ′2 + γ′/R0)(x
2 + y2) + γ′′(y2 − x2) sin 2γ
2σ
+
γ′′
σ
xy cos 2γ (4.17)
modulo the transformation in (1.14)-(1.16).
Theorem 4.1. Let ai, bi, ci, di, aˆr, bˆr, cˆr, dˆr, a˜s, b˜s, c˜s, d˜s be real numbers and let γ be
any function of t. Denote ˜̟ = x cos γ + y sin γ. We have the following solutions of the
three-dimensional stratified rotating Boussinesq equations (1.3)-(1.7):
u = [
m∑
i=1
aidie
a2i κt cos 2bi+ai ˜̟ cos bi sin(a2iκt sin 2bi + ai ˜̟ sin bi + bi + ci)
+2γ′ ˜̟ ] sin γ − γ′y, (4.18)
v = [−
m∑
i=1
aidie
a2i κt cos 2bi+ai ˜̟ cos bi sin(a2iκt sin 2bi + ai ˜̟ sin bi + bi + ci)
+2γ′ ˜̟ ] cos γ + γ′x, (4.19)
p is given in (4.17);
w =
n∑
r=1
dˆre
aˆ2rt cos 2bˆr+aˆr ˜̟ cos bˆr sin(aˆ2rt sin 2bˆi + aˆr ˜̟ sin bˆr + cˆr)
+σRt
k∑
s=1
d˜se
a˜2st cos 2b˜s+a˜s ˜̟ cos b˜s sin(a˜2st sin 2b˜s + a˜s ˜̟ sin b˜s + c˜s), (4.20)
T = z +
k∑
s=1
d˜se
a˜2st cos 2b˜s+a˜s ˜̟ cos b˜s sin(a˜2st sin 2b˜s + a˜s ˜̟ sin b˜s + c˜s) (4.21)
if σ = 1, and
w =
n∑
r=1
dˆre
aˆ2rσt cos 2bˆr+aˆr ˜̟ cos bˆr sin(aˆ2rσt sin 2bˆi + aˆr ˜̟ sin bˆr + cˆr)
+
σR
1− σ
k∑
s=1
d˜se
a˜2st cos 2b˜s+a˜s ˜̟ cos b˜s sin(a˜2st sin 2b˜s + a˜s ˜̟ sin b˜s + c˜s), (4.22)
T = z +
k∑
s=1
a˜2sd˜se
a˜2st cos 2b˜s+a˜s ˜̟ cos b˜s sin(a˜2st sin 2b˜s + a˜s ˜̟ sin b˜s + 2b˜s + c˜s) (4.23)
when σ 6= 1.
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Remark 4.2. By Fourier expansion, we can use the above solution to obtain the one
depending on three arbitrary piecewise continuous functions of ˜̟ .
Next we let α be any fixed function of t and set
̟ = α(x2 + y2). (4.24)
We assume
u = yφ(t, ̟)− α
′
2α
x, v = −xφ(t, ̟)− α
′
2α
y, (4.25)
w = ψ(t, ̟) +
α′
α
z, T = ϑ(t, ̟) + z (4.26)
where φ, ψ and ϑ are functions in t, ̟. Note
Φ1 = −α
′2 + 2αα′′
4α2
x+
α′
2R0α
y + yφt +
(
x
R0
− α
′
α
y
)
φ− xφ2 − 4σαy(̟φ)̟̟, (4.27)
Φ2 = −α
′2 + 2αα′′
4α2
y − α
′
2R0α
x− xφt +
(
y
R0
+
α′
α
x
)
φ− yφ2 + 4σαx(̟φ)̟̟. (4.28)
According to the first equation in (3.5),[
̟
(
φt − α
′
α
φ− 4σα(̟φ)̟̟
)]
̟
+
α′
2R0α
= 0, (4.29)
equivalently,
(̟φ)t − α
′
α
̟φ− 4σα̟(̟φ)̟̟ + α
′̟
2R0α
= αβ ′ (4.30)
for some function β of t. Write
φˆ =
̟φ
α
+
̟
2R0α
− β. (4.31)
Then (4.30) becomes
φˆt − 4σα̟φˆ̟̟ = 0. (4.32)
Suppose
φˆ =
∞∑
i=1
γi̟
i, (4.33)
where γi are functions of t to be determined. Equation (4.32) yields
(γi)t = 4i(i+ 1)σαγi+1. (4.34)
Hence
γi+1 =
(α−1∂t)
i(γ)
i!(i+ 1)!(4σ)i
(4.35)
for some function γ of t. Thus
φˆ =
∞∑
i=0
(α−1∂t)
i(γ)̟i+1
i!(i+ 1)!(4σ)i
. (4.36)
20
By (4.31), we get
φ =
αβ
̟
− 1
2R0
+ α
∞∑
i=0
(α−1∂t)
i(γ)̟i
i!(i+ 1)!(4σ)i
. (4.37)
Note
Φ3 = ψt +
α′
α
ψ − 4σ(̟ψ̟)̟ − σR(ϑ+ z). (4.38)
By the last two equations in (3.5),
ψt +
α′
α
ψ − 4σ(̟ψ̟)̟ − σRϑ = 0 (4.39)
modulo the transformation in (1.14)-(1.16). On the other hand, (1.6) becomes
ϑt − 4(̟ϑ̟)̟ = 0. (4.40)
Hence
ϑ =
∞∑
i=0
θ
(i)
1 ̟
i+1
4i((i+ 1)!)2
(4.41)
modulo the transformation in (1.14)-(1.16), where θ1 is an arbitrary function of t. Sub-
stituting (4.41) into (4.39), we obtain
ψ = α−1θ2̟ + α
−1
∞∑
i=1
θ
(i)
2 +R
∑i−1
r=0 σ
i−r(αθ
(i−s−1)
1 )
(s)
(4σ)i((i+ 1)!)2
̟i+1, (4.42)
where θ2 is another arbitrary function of t.
Now
Φ1 = −α
′2 + 2αα′′
4α2
x+
αβ ′y
̟
+
x
R0
φ− xφ2, (4.43)
Φ2 = −α
′2 + 2αα′′
4α2
y − αβ
′x
̟
+
y
R0
φ− yφ2 (4.44)
by (4.27) and (4.28), and
Φ3 = (α
−1α′ − σR)z (4.45)
by (4.38). According to (3.4), we obtain
p =
(
α′2 + 2αα′′
4σα2
+
3
8σR20
)
(x2 + y2) +
β ′
σ
arctan
y
x
+
(R0αγ − 1)β
σR0
lnα(x2 + y2)
− σ
−1β2
2(x2 + y2)
+
σR − α−1α′R
2σ
z2 − 1
σR0
∞∑
i=0
(α−1∂t)
i(γ)αi+1(x2 + y2)i+1
((i+ 1)!)2(4σ)i
+
α
2σ
∞∑
i,j=0
(α−1∂t)
i(γ)(α−1∂t)
j(γ)(α(x2 + y2))i+j+1
i!j!(i+ 1)!(j + 1)!(i+ j + 1)(4σ)i+j
+
αβ
2σ
∞∑
i=1
(α−1∂t)
i(γ)(α(x2 + y2))i
i!(i+ 1)!i(4σ)i
(4.46)
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modulo the transformation in (1.14)-(1.16). By (4.25), (4.26), (4.37), (4.41) and (4.42),
we have:
Theorem 4.3 Let α, β, γ, θ1, θ2 be any function of t such that the following involved
series converge. We have the following solutions of the three-dimensional stratified rotating
Boussinesq equations (1.3)-(1.7):
u =
βy
x2 + y2
− y
2R0
− α
′
2α
x+ αy
∞∑
i=0
(α−1∂t)
i(γ)αi(x2 + y2)i
i!(i+ 1)!(4σ)i
, (4.47)
v =
x
2R0
− α
′
2α
y − βx
x2 + y2
+ αx
∞∑
i=0
(α−1∂t)
i(γ)αi(x2 + y2)i
i!(i+ 1)!(4σ)i
, (4.48)
w = θ2(x
2 + y2) +
α′
α
z +
1
α
∞∑
i=1
θ
(i)
2 +R
∑i−1
r=0 σ
i−r(αθ
(i−s−1)
1 )
(s)
(4σ)i((i+ 1)!)2
αi+1(x2 + y2)i+1, (4.49)
T = z +
∞∑
i=0
θ
(i)
1 α
i+1(x2 + y2)i+1
4i((i+ 1)!)2
(4.50)
and p is given in (4.46).
5 Asymmetric Approach III to the 3D Equations
In this section, we solve (1.3)-(1.7) with vx = wx = Tx = 0.
Let c be a real constant. Set
̟ = y cos c+ z sin c. (5.1)
Suppose
u = f(t, ̟), v = φ(t, ̟) sin c, (5.2)
w = −φ(t, ̟) cos c, T = ψ(t, ̟) + z, (5.3)
where f, φ and ψ are functions in t and ̟. Then
Φ1 = ft − σf̟̟ − sin c
R0
φ, (5.4)
Φ2 = (φt − σφ̟̟) sin c+ 1
R0
f, (5.5)
Φ3 = (σφ̟̟ − φt) cos c− σR(ψ + z). (5.6)
By (3.5),
f̟t − σf̟̟̟ − sin c
R0
φ̟ = 0, (5.7)
(φt − σφ̟̟)̟ + sin c
R0
f̟ + σRψ̟ cos c = 0. (5.8)
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Modulo (1.14)-(1.16), we have
ft − σf̟̟ − sin c
R0
φ = 0, (5.9)
φt − σφ̟̟ + sin c
R0
f + σRψ cos c = 0. (5.10)
Denote (
fˆ
φˆ
)
=
(
cos t sin c
R0
− sin t sin c
R0
sin t sin c
R0
cos t sin c
R0
)(
f
φ
)
. (5.11)
Then (5.9) and (5.10) become
fˆt − σfˆ̟̟ − σRψ cos c sin t sin c
R0
= 0, (5.12)
φˆt − σφˆ̟̟ + σRψ cos c cos t sin c
R0
= 0. (5.13)
On the other hand, (1.6) becomes
ψt − ψ̟̟ = 0. (5.14)
Assume σ = 1. We have the following solution:
ψ =
m∑
i=1
aidie
a2i t cos 2bi+ai̟ cos bi sin(a2i t sin 2bi + ai̟ sin bi + bi + ci), (5.15)
fˆ = −RR0 cot c cos t sin c
R0
m∑
i=1
aidie
a2i t cos 2bi+ai̟ cos bi sin(a2i t sin 2bi + ai̟ sin bi + bi + ci)
+
n∑
r=1
aˆrdˆre
aˆ2rt cos 2bˆr+aˆr̟ cos bˆr sin(aˆ2rt sin 2bˆi + aˆr̟ sin bˆr + bˆr + cˆr), (5.16)
φˆ = −RR0 cot c sin t sin c
R0
m∑
i=1
aidie
a2i t cos 2bi+ai̟ cos bi sin(a2i t sin 2bi + ai̟ sin bi + bi + ci)
+
k∑
s=1
a˜sd˜se
a˜2st cos 2b˜s+a˜s̟ cos b˜s sin(a˜2st sin 2b˜s + a˜s̟ sin b˜s + b˜s + c˜s), (5.17)
where ai, bi, ci, aˆr, bˆr, cˆr, dˆr, a˜s, b˜s, c˜s, d˜s are arbitrary real numbers. According to (5.11),
f = −RR0 cot c cos 2t sin c
R0
m∑
i=1
aidie
a2i t cos 2bi+ai̟ cos bi sin(a2i t sin 2bi + ai̟ sin bi + bi + ci)
+ cos
t sin c
R0
n∑
r=1
aˆrdˆre
aˆ2rt cos 2bˆr+aˆr̟ cos bˆr sin(aˆ2rt sin 2bˆi + aˆr̟ sin bˆr + bˆr + cˆr)
+ sin
t sin c
R0
k∑
s=1
a˜sd˜se
a˜2st cos 2b˜s+a˜s̟ cos b˜s sin(a˜2st sin 2b˜s + a˜s̟ sin b˜s + b˜s + c˜s), (5.18)
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φ = − sin t sin c
R0
n∑
r=1
aˆrdˆre
aˆ2rt cos 2bˆr+aˆr̟ cos bˆr sin(aˆ2rt sin 2bˆi + aˆr̟ sin bˆr + bˆr + cˆr)
+ cos
t sin c
R0
k∑
s=1
a˜sd˜se
a˜2st cos 2b˜s+a˜s̟ cos b˜s sin(a˜2st sin 2b˜s + a˜s̟ sin b˜s + b˜s + c˜s). (5.19)
Suppose σ 6= 1. We take the following solution of (5.11)-(5.14):
ψ =
m∑
i=1
aidie
a2i t+ai̟, (5.20)
fˆ = σR
m∑
i=1
aidie
a2i t+ai̟
cos c
[
a2i (1− σ) sin t sin cR0 − R−10 sin c cos t sin cR0
]
a4i (1− σ)2 +R−20 sin2 c
+
n∑
r=1
aˆrdˆre
aˆ2rσt cos 2bˆr+aˆr̟ cos bˆr sin(aˆ2rσt sin 2bˆi + aˆr̟ sin bˆr + bˆr + cˆr), (5.21)
φˆ = σR
m∑
i=1
aidie
a2i t+ai̟
cos c
[
a2i (σ − 1) cos t sin cR0 −R−10 sin c sin t sin cR0
]
a4i (1− σ)2 +R−20 sin2 c
+
k∑
s=1
a˜sd˜se
a˜2sσt cos 2b˜s+a˜s̟ cos b˜s sin(a˜2sσt sin 2b˜s + a˜s̟ sin b˜s + b˜s + c˜s), (5.22)
where ai, bi, ci, aˆr, bˆr, cˆr, dˆr, a˜s, b˜s, c˜s, d˜s are arbitrary real numbers. According to (5.11),
f = cos
t sin c
R0
n∑
r=1
aˆrdˆre
aˆ2rσt cos 2bˆr+aˆr̟ cos bˆr sin(aˆ2rσt sin 2bˆi + aˆr̟ sin bˆr + bˆr + cˆr)
+ sin
t sin c
R0
k∑
s=1
a˜sd˜se
a˜2sσt cos 2b˜s+a˜s̟ cos b˜s sin(a˜2sσt sin 2b˜s + a˜s̟ sin b˜s + b˜s + c˜s)
−σR
m∑
i=1
aidie
a2i t+ai̟ sin 2c
2R0(a4i (1− σ)2 +R−20 sin2 c)
, (5.23)
φ = − sin t sin c
R0
n∑
r=1
aˆrdˆre
aˆ2rσt cos 2bˆr+aˆr̟ cos bˆr sin(aˆ2rσt sin 2bˆi + aˆr̟ sin bˆr + bˆr + cˆr)
+ cos
t sin c
R0
k∑
s=1
a˜sd˜se
a˜2sσt cos 2b˜s+a˜s̟ cos b˜s sin(a˜2sσt sin 2b˜s + a˜s̟ sin b˜s + b˜s + c˜s)
−σR
m∑
i=1
a3i di(σ − 1)ea2i t+ai̟ cos c
a4i (1− σ)2 +R−20 sin2 c
. (5.24)
By (5.4)-(5.6), (5.9) and (5.10), Φ1 = 0,
Φ2 =
(
cos c
R0
f − σRψ sin c
)
cos c, (5.25)
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Φ3 =
(
cos c
R0
f − σRψ sin c
)
sin c− σRz. (5.26)
According to (3.4),
p =
R cos2 c
sin c
cos
2t sin c
R0
m∑
i=1
die
a2i t cos 2bi+ai̟ cos bi sin(a2i t sin 2bi + ai̟ sin bi + ci)
−cos c
R0
cos
t sin c
R0
n∑
r=1
dˆre
aˆ2rt cos 2bˆr+aˆr̟ cos bˆr sin(aˆ2rt sin 2bˆi + aˆr̟ sin bˆr + cˆr)
−cos c
R0
sin
t sin c
R0
k∑
s=1
d˜se
a˜2st cos 2b˜s+a˜s̟ cos b˜s sin(a˜2st sin 2b˜s + a˜s̟ sin b˜s + c˜s)
+R sin c
m∑
i=1
die
a2i t cos 2bi+ai̟ cos bi sin(a2i t sin 2bi + ai̟ sin bi + ci) +
R
2
z2 (5.27)
modulo if σ = 1, and
p = −cos c
σR0
cos
t sin c
R0
n∑
r=1
dˆre
aˆ2rσt cos 2bˆr+aˆr̟ cos bˆr sin(aˆ2rσt sin 2bˆi + aˆr̟ sin bˆr + cˆr)
−cos c
σR0
sin
t sin c
R0
k∑
s=1
d˜se
a˜2sσt cos 2b˜s+a˜s̟ cos b˜s sin(a˜2sσt sin 2b˜s + a˜s̟ sin b˜s + c˜s)
+
m∑
i=1
diRe
a2i t+ai̟ sin 2c cos c
2R20(a
4
i (1− σ)2 +R−20 sin2 c)
+R sin c
m∑
i=1
die
a2i t+ai̟ +
R
2
z2, (5.28)
modulo the transformation in (1.14)-(1.16).
In summary, we have:
Theorem 5.1. Let ai, bi, ci, aˆr, bˆr, cˆr, dˆr, a˜s, b˜s, c˜s, d˜s, c be arbitrary real numbers. De-
note ̟ = y cosx + z sin c. We have the following solutions of the three-dimensional
stratified rotating Boussinesq equations (1.3)-(1.7):
u = f, v = φ sin c, w = −φ cos c, T = ψ + z, (5.29)
where (1) f is given in (5.18), φ is given in (5.19), ψ is given in (5.15) and p is given in
(5.27) if σ = 1; (2) f is given in (5.23), φ is given in (5.24), ψ is given in (5.20) and p
is given in (5.28) when σ 6= 1.
Remark 5.2. By Fourier expansion, we can use the above solution to obtain the
one depending on three arbitrary piecewise continuous functions of ̟. Applying the
transformation T1 in (1.12)-(1.13) to the above solution, we get a solution involving all
the variables t, x, y, z.
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